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u : Ω × (0, T ) −→ Rd
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∂tu + u · ∇u − 2ν∇ · ε(u) + ∇p = f
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Ω × (0, T ),
∇ · u = 0
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Ω × (0, T ),
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f : Ω×(0, T ) −→ Rd
ji3j0unjiYwu
D\z®\jiux{\3ijwjih¾











































































































u ∈ [L2(0, T ; H
3
2+ε(Ω)) ∩ L∞(0, T ; W 1,∞(Ω)) ∩ H1(0, T ; L2(Ω))]d,
p ∈ L2(0, T ; H
1
2+ε(Ω)), u0 ∈ [H
3
2+ε(Ω) ∩ H10 (Ω)]
d ∩ H0(div; Ω).
)© ,
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u ∈ [L∞(0, T ; W 1,∞(Ω)) ∩ H1(0, T ; L2(Ω)) ∩ L2(0, T ; Hr(Ω))]d,
p ∈ L2(0, T ; Hs(Ω)), u0 ∈ [H
r(Ω) ∩ H10 (Ω)]
d ∩ H0(div; Ω).
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u ∈ [H1(0, T ; Hr(Ω))]d,
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CR, CU > 0
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v : Ω −→ R : v|K ∈ H










= V kh ∩
L20(Ω)
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t ∈ (0, T )
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(∂tuh,vh) + (A + J)
[
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wh; (uh, ph), (vh, qh)
] def
= ah(uh,vh) + ch(wh;uh,vh)
































wh; (uh, ph), (vh, qh)
] def
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(uh, ph) ∈ W
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h
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(u, p)
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(∂t(u − uh),vh) + A
[
u; (u, p), (vh, qh)
]
− (A + J)
[
uh, (uh, ph), (vh, qh)
]
= 0,








































0 ≤ m ≤ l
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‖Πkhu‖0,∞,Ω ≤ Cπ‖u‖0,∞,Ω, ∀u ∈ L
∞(Ω),
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‖Πkhu − u‖0,∞,Ω + h‖Π
k
hu − u‖1,∞,Ω ≤ Ch‖u‖1,∞,Ω,
)I~1,
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u ∈ W 1,∞(Ω)
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‖SZkh(uvh) − uvh‖0,Ω ≤ CBh‖u‖1,∞,Ω‖vh‖0,Ω.d5e3j*§©{\}}|{-¥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‖Πkh(uvh) − uvh‖0,Ω ≤ ‖Π
k
h(uvh) − SZh(uvh)‖0,Ω
+ ‖SZh(uvh) − uvh‖0,Ω
≤ ‖Πkh(uvh − SZh(uvh))‖0,Ω
+ ‖SZh(uvh) − uvh‖0,Ω
≤ 2‖SZh(uvh) − uvh‖0,Ω.
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+ ‖(u − Πkhu) · vh‖0,Ω
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γi > 0
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i = 1, 2, 3
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(vh, qh,wh) ∈ [V
k
h ]
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 O% ru = min(r, k + 1)

-
rp = min(s, k + 1)

C > 0
















2∇ · (u − Πkhu)‖
2
0,Ω ≤ Ch
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e ⊂ ∂Ke ∩ ∂Ω
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(P kh u,vh) + ah(P
k
h u,vh) + bh(R
k
hu,vh)
+ γj(P kh u,vh) = (u,vh) + ah(u,vh),
− bh(qh, P
k
h u) + j(R
k
hu, qh) = 0,
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u ∈ [L2(0, T ; Hr(Ω)∩H10 (Ω)]
d ∩H0(div; Ω)
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2 )hru−1‖u‖L2(0,T ;Hru (Ω)),
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u ∈ [L2(0, T ; Hr(Ω)∩H10 (Ω)∩H0(div; Ω))]
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O% ∂tu ∈ [L2(0, T ; Hru(Ω))]d
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V divh,k 6= {0}
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0,Ω = (qh,∇ · vq)
= (qh,∇ · vq −∇ · Π
k
hvq) + (qh,∇ · Π
k
hvq)
= (∇qh,vq − Π
k
hvq) − 〈qh, (Π
k
hvq) · n〉∂Ω
+ (qh,∇ · Π
k
hvq)
= (∇qh,vq − Π
k
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M∂tuh + A(uh)uh + B



























































































=   ji (B1) 6= {0} ² 9j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M∂tuh + A(uh)uh + B





























































M∂tuh + A(uh)uh + B
T p̃h − M f ∈
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  ji (B1))0 ,








M∂tuh + A(uh)uh + B
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0; (uh, ph), (uh, ph)
]
+ ‖uh · n‖
2
0,∂Ω.
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0,Ω + (∇ · uh, π
∗
h(h∇ · uh) − h∇ · uh)
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(wh, (vh, qh)) ∈ [V
k
h ]
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+ ‖vh · n‖
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〈wh · nvh,vh〉∂Ω − (∇ · whvh,vh)
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e3j"3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;9 ,5g  &j0hDh¶3² t² 
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b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- (qh,vh) ∈ V kh × [V kh ]d
 
! 	 < " ºµuxz|3YP~getsY°±qvet¥5¬¿~gwnegj"wn~ijzgj0Yg}|zws)I~1,gÀunzaj
0 < h, ν ≤ 1
¾g§©{~we3j
«auxw5wnjih.{\3j*njN~vz|}|s{~yvwz|gu







bh(q,vh) = −(q,∇ ·wh − π
∗





2 (∇ · vh − π
∗
h(∇ · vh))‖0,Ω
+ ‖q‖0,∂Ω‖vh · n‖0,∂Ω
≤ C||](0, q)[|||||(wh, 0)|||0.l±À?unzh?z|}|~2§Ó\uxegz{\&¾g-§ìwjiz|Ywnji\wnz|{~yYsgnwu5z|wne3j*we3zwnj0nh¾v{~gj¿{\yvw~zau
bh(qh,v) = −(qh,∇ · v) + 〈qh,v · n〉∂Ω
= (∇qh,v)









≤ C||](v, 0)[|||||(0, qh)|||0.
4jigij~¾vwe3j*3{Y{~§zu{\h?3}jiwnj\²

   !      " 	   " !   	  !#       
d5egjµ§©{\}}|{-¥z|3Dwne3j0{~jih.uxwwnj0uw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j0un3}w{§wne3zug~~~3e&²
   ÂtÆ ¡ Â   
(u, p)
O%VE 1 ! 6 " ) 7 , 
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* X )Ô , 
- %& 
ν < h





L∞(0,T ;L2(Ω)) ≤ C(cexp, c1, c2)
(
h2ru−1‖u‖2L2(0,T ;Hru (Ω))







|||(u − uh, p − ph)|||
2
uh
dt ≤ C(cexp, c1, c2)
(
h2ru−1‖u‖2L2(0,T ;Hru (Ω))
+ h2rp−1‖p‖2L2(0,T ;Hrp (Ω))
)
,




= min(s, k + 1)
 -
C(cexp, c1, c2) > 0
 &C *  
V
&






! 	 < " ½l±h?h?j0vz-wjytsªÀwnz3\}j¶z|3jN\a}|z³ws\¾#wne3jnjNux3}w{~§d5e3ji{\nj0h
3²87g 33{¯¹vzhwnz|{~
)  &j0hDh\u5g² D~gg²  ,²

  ö agõbcô
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
	  






L∞(0,T ;L∞(Ω)) ≤ Ch
2‖u‖2L∞(0,T ;W 1,∞(Ω))
+ C(cexp, c1, c2)h
−d
(




 O% C > 0  &C *  
V
&  V-A$ " ν 
- h     & 	! 1 
	 $O%V	 F%V
C uh ∈
L∞(0, T ; L∞(Ω))
 
! 	 < " ^l±h?h?j03z|wnj"gunzg?~33{¯¹vzh-wz{\ )I~ ,¾gzt®\jiuxj¿zgj0Yg}|zwsg )ÓY ,²










= Πkhu− uh, θ
π def= u − Πkhu,
yh
def
= Πkhp − ph, y
π = p − Πkhp,
)Ó>; ,
¥egz|e~z|®~jNu
θh = u− uh − θ




u ∈ H1(0, T ; L2(Ω))
¾a¥2j"h¯svjNvgij*wnegw
θh ∈ H
1(0, T ; L2(Ω))
²2ºµuxz|3







0,2 + CA|||(θh, yh)|||
2
uh
≤ (∂tθh, θh) + (A + J)
[
uh; (θh, yh), (θh, yh)
]
.











0,2 + CA|||(θh, yh)|||
2
uh
≤ (∂t(u − uh), θh) − (∂tθ
π, θh)








− (A + J)
[
uh; (uh, ph), (θh, yh)
]
.













0,2 + CA|||(θh, yh)|||
2
uh































π, θh) − bh(y
π, θh) + bh(yh, θ
π)
+ γj(Πkhu, θh) + j(Π
k
hp, yh) + ch(uh; Π
k




































































































2J∇ΠkhuK : J∇θhK ds,
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cô
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π + θh) · ∇u, θh)
≤ ‖∇u‖0,∞,Ω (‖θ



































(∇ · uh, Π
k
















(∇ · uh, (u · θh − Π
k
h(u · θh))) +
1
2




































〈(θπ + θh) · n, Π
k
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(‖θπ · n‖0,∂Ω + ‖θh · n‖0,∂Ω) ‖Π
k



































T5,3 ≤ C21 (||](θ
























− 12 (||](θπ, 0)[|| + |||(θh, 0)|||0)
(
‖Πkh(u · θh) − Π
k






T5,3 ≤ C23 (||](θ
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~z|®~jNu )©Y1,²T@	za}|}s\¾3j0uxwnz|h-wnj )Ó\1,zu{~y3wz|3jNgunz|3*)ÔV7 ,5az|Ywnji\wnz|{~{-®~ji
(0, T )
²
      











we3j+~33{¯¹tz|h-wz{\j0n{~z|wnegjwnz|h?jvj0nz|®--wz®\j"{§#wne3j®~j0}{vzwnz|j0u0² 6j¥z}|}&we3ji6uxe3{-¥ e3{-¥ wn{
\jwj0uxwnz|h?wnjµwnegwz|u{~3wnz|h?~}R§©{~5}{-¥5°»{~vj0Uji}|jih?j0\wuz³§wne3j*3j0uuxgnjzu5z|
H1(0, T ; H1(Ω))
²
mwe3jiR{\uunzy3}|j"uwwnj0~z|j0u¥z}|}&yRj"y3zj gsvzuniguuxjNz|wne3ji{~gi}gunz|{~&²
 2Â  ¼¢  
(u, p)
%&$
1 !   " ) 7 , 
(uh, ph) ∈ W
k
h
O%V$  1  
Q " ) J1,  %
u0,h =
P kh u0
     01 FO%V

(u, p)
%VCFO%V 	 1  	 )I ,Y  6O%V 
ν < h
   %V(O%V(" 8  
ê&êìë
 









0,Ω dt ≤ C
[
h2(ru−1)‖u‖2L2(0,T ;Hru (Ω))
+ h2(rp−1)‖p‖2L2(0,T ;Hrp (Ω))





 O% V ′    (" 	$%&$ 1&
  " H1(Ω)    C > 0   V  -A&-&  " ν    h  












0,Ω = (p − ph,∇ · vp)
= (p − ph,∇ · (vp − Π
k






0,Ω = −(∇(p − ph),vp − Π
k
hvp) − 〈p − ph, (Π
k
hvp) · n〉∂Ω
+ (p − ph,∇ · (Π
k
hvp))
= −(∇(p − ph),vp − Π
k
hvp) − bh(p − ph, Π
k
hvp).











+ ah(u − uh, Π
k
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‖∇p − Πkh(∇p)‖0,Ω + h
− 12 ‖h
1









‖∇p − Πkh(∇p)‖0,Ω + h


















































2 ε(u − uh)‖0,∂Ω ≤ ‖(νh)
1
2 ε(u − Πkhu)‖0,∂Ω
+ ‖(νh)
1
2 ε(Πkhu − uh)‖0,∂Ω,














2 ε(Πkhu − uh)‖0,∂Ω ≤ C‖ν
1
2 ε(Πkhu− uh)‖0,Ω









	 ! #" 	$%&(') *	+,-.$0/1& ! & \
d5etgu0¾3{\}}|j0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T3 = (u · ∇(u − uh), Π
k



















T3 = −((u − uh) · ∇Π
k

























T3,1 ≤ C (‖u‖0,∞,Ω + ‖uh‖0,∞,Ω) ‖u− uh‖0,Ω‖∇Π
k
hvp‖0,Ω
≤ C (‖u‖0,∞,Ω + ‖uh‖0,∞,Ω) ‖u− uh‖0,Ω‖vp‖1,Ω.
@g{~5we3juxjN{\g;¾vgunzgFP~getsY°±qvet¥5¬a¶we3j~3h?j0\w5§©{\}}|{-¥2jN¶z| )Ó~ ,¾v¥j"{~yvwz|

















2 ‖uh‖0,∞,Ω|||(u − uh, p − ph)|||uh‖vp‖1,Ω.
)I~1,
  ö agõbcô




























































T5 ≤ ‖∂t(u − uh)‖V ′‖vp‖1,Ω.
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+ h2ru−1‖u‖2ru,Ω + (1 + h‖uh‖
2

















0,∞,Ω|||(u − uh, p − ph)|||
2
uh











    "         ! 
∂t(u − uh)
d5egjµ§©{\}}|{-¥z|3Dwne3j0{~jih.uxwwnj0uwe3j"hz|j0un3}w{§wne3zu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~~3e&²
   ÂtÆ ¡ Â   
(u, p)
O%VE 1 ! 6 " ) 7 , 




1 ! Y " )J ,  O%
u0,h =
P kh u0




	  )I ,+ )Ó1,?
-S%& 
ν < h
   %V O%V " 8  










 O% α def= min{ru, rp}
  
C > 0 





! 	 < "  6j«guwvjN{~h?R{\unjwe3jjin{\














+ P kh u − uh
︸ ︷︷ ︸
θh
= θπ + θh,
























(∂t(u − uh), ∂tθh) + ah(u− uh, ∂tθh) + bh(p − ph, ∂tθh)
+ ch(u;u, ∂tθh) − ch(uh;uh, ∂tθh)





0,Ω + ah(θh, ∂tθh) + bh(yh, ∂tθh) + γj(θh, ∂tθh)
= −(∂tθ
π, ∂tθh) − ah(θ
π , ∂tθh) − bh(y
π, ∂tθh) + γj(P
k
h u, ∂tθh)





















0 = ∂t(bh(qh,uh) − j(ph, qh))
= bh(qh, ∂tuh) − j(∂tph, qh) + bh(∂tqh,uh) − j(ph, ∂tqh)






bh(∂tqh,uh) − j(ph, ∂tqh) = 0.
 j*wnegjieg¯®~j
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ah(θh, θh) + j(yh, yh) + γj(θh, θh)
]
= −(∂tθ
π, ∂tθh) − ah(θ
π, ∂tθh) − bh(y






















π, ∂tθh) + (θ



















−1‖u− uh‖0,Ω (‖u‖0,∞,Ω + ‖uh‖0,∞,Ω) ‖∇∂tθh‖0,Ω
+ Ch−
1


































0,Ω dt ≤ C|||(θh(0), yh(0))|||
2
0




















(∂t∇p, θh) dt + (∇p(T ), θh(T ))
− (∇p(0), θh(0)).
ks~33}|stz3FPaeYsY°qvet¥~n¬z3jNYg}|z³wsgwnegj+qt{~yR{~}|ji®¶j0h+yRj033z3





























bh(qh,uh(0)) = j(ph(0), qh),
bh(qh, P
k














hp(0) − ph(0), P
k
h u0 − uh(0))
= j(Rkhu(0), R
k
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